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Close to converged energies and expectation values for e+PsH are computed using a ground-state wave
function consisting of 1500 explicitly correlated Gaussians. The best estimate of the e+PsH energy was
−0.810 254 hartrees, which has a binding energy of 0.021 057 hartrees against dissociation into e++PsH. The
2 annihilation rate was 2.7508109 s−1. Binding energies and annihilation rates are also given for the
different finite-mass variants of e+PsH. Comparisons between expectation values for e+PsH and PsH provide
compelling evidence that the e+PsH ground state can be regarded as consisting of a weakly bound positron
orbiting the PsH ground state.
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The exotic e+PsH system, consisting of two electrons and
two positrons bound to a proton, was first identified as being
electronically stable by Varga 1. Since then, an improved
description was obtained as part of an investigation of Cou-
lombic five-body systems 2. However, there has not been a
specific investigation entirely focused on determining the
best possible description of this system. Furthermore, expec-
tation values for only a few operators have been published.
In this work, a high-accuracy wave function for the e+PsH
ground state has been constructed using the stochastic varia-
tional method SVM. The SVM used for this work has been
described in a number of papers 4–6 and only the briefest
description is given here. The SVM expands the wave func-
tion in a linear combination of explicitly correlated Gauss-
ians ECGs 7,8. These basis functions have Hamiltonian
matrix elements that can be computed very quickly, and the
energy is optimized by performing a trial and error search
over the exponential parameters that define the basis. The
SVM has been used to solve a number of many-body prob-
lems in different areas of physics 4,6. It has been particu-
larly useful for describing mixed electron-positron systems
since the ECGs are easily able to take account of the very
strong electron-positron correlations 9,10.
The convergence of the ground-state energy, the electron-
positron annihilation rate, and some other expectation values
with increasing basis dimension are listed in Table I. The
largest calculation used a basis of dimension 1500. All the
optimizations of the ECG basis were done with the H mass
set to . The computation of the binding energy against dis-
sociation into e++PsH used the latest estimate of the PsH
binding energy obtained by Bubin and Adamowicz, namely,
E=−0.789 196 765 hartrees 3. This value was obtained in a
basis of 5000 ECGs and gave a binding energy marginally
larger than that of an independent calculation using 1800
ECGs which gave E=−0.789 196 74 hartrees 11.
The net energy improvement when the basis was in-
creased from 1000 to 1500 ECGs, while being subjected to
additional optimization, was 4.410−6 hartrees. The coales-
cence matrix element H+-e+ was more sensitive to the
increase in basis size than any other quantity, and the net
change in this matrix element was 1% when the basis was
increased from 1000 to 1500 ECGs. This sensitivity is due to
the fact that the positron amplitude at the nucleus is very
small, and the ECG functional form is not the most natural
choice to describe the behavior of the relative wave function
for two strongly repelling particles. With respect to the more
physically interesting observables, the annihilation rate by
the two- process, 2, changed most as the basis dimension
was increased. But the increase in 2 was only 0.22% when
the basis was increased from 1000 to 1500.
The 2 annihilation rate 2 is given in Tables I and II.
Since the e+PsH system consists of two electrons coupled to
a spin-singlet state, and two positrons coupled to a spin-
singlet state, the annihilation rate is simply the spin-averaged
annihilation rate. The expression for 2 annihilation is pro-
portional to the probability of finding an electron and a pos-
itron at the same position in according to
2 = re
2c
ip
ri − rp 1
=0.504 697 2 1011
ip
ri − rp 2
9,12–14. The constants re and c are the classical electron
radius and speed of light, respectively, the sum is over the
electron and positron coordinates, the -function expectation
is evaluated in a0
3
, and 2 is given numerically in s−1.
A comprehensive set of expectation values are listed in
Table II. The deviation of the virial theorem expectation
from −2, V / T+2, provides an estimate of the wave
function accuracy. When the interparticle interaction V con-
sists solely of Coulomb interactions, the V / T expectation
value should be −2 exactly 6. This deviation of the expec-
tation value decreases as the size of the basis is increased,
and for the largest calculation is only 5.010−6 from the
expected value of −2. This suggests that the overall conver-
gence in the energy is better than 10−5 hartrees. One feature
that has been noticed in many SVM calculations by us is that
V / T converges monotonically to −2 once the quality of
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the wave function reaches a certain standard. The values of
V / T+2 in Table I decreased by a factor of 70% when
the basis was increased from 1000 to 1500, while the total
change in the energy was only 4.410−6 hartrees.
The energies of the different mass variants of e+PsH were
computed by rediagonalizing the Hamiltonian with the
same ECG basis but with mH1 set to 1836.153me, mH2 set to
3670.483me, and mH3 set to 5496.899me. The binding energy
of e+PsH1 was 0.021 044 1 hartrees, the binding energy of
e+PsH2 was 0.021 052 5 hartrees, and the binding energy of
e+PsH3 was 0.021 054 5 hartrees. The energies of PsH1,
PsH2, and PsH3 are taken as −0.788 870 71 3,
−0.789 033 58, and −0.789 087 79 hartrees, respectively. The
PsH2 and PsH3 energies were obtained by adding the energy
difference between the Mitroy 11 and Bubin and Adamo-
wicz 3 PsH calculations to the finite mass energies of
Mitroy 11.
The 2 annihilation rates were also computed for the fi-
nite mass wave functions. The annihilation rates for e+PsH1,
e+PsH2, and e+PsH3 are 2.7418109, 2.7478109, and
2.7490109 s−1, respectively. The annihilation rate becomes
smaller with the decrease of the nuclear mass, since the re-
duced mass effect results in the positron being slightly fur-
ther from the nucleus.
The 3 rate can be estimated from the ratio of 3 to 2
decay rates in positronium using the method of Ferrante 15.
For e+PsH, one has
3	
333Ps
2
1Ps
2e+PsH . 3
Using 21Ps=8.0325109 s−1 9 and 33Ps=7.2112
106 s−1 9 gives a numerical value for e+PsH of 3
	7.41106 s−1. The factor of 3 in Eq. 3 occurs because
the probability of finding any electron-positron pair in a rela-
tive triplet state is three times larger than finding it in a
singlet state.
The structure of e+PsH suggested by Varga 1 was that of
an isosceles triangle with the two positrons each forming a
vertex and the proton forming the third vertex of the triangle.
The large value of re+,e+=7.385a0 led Varga to suggest that
the triangle had a large baseline formed by the two positrons,
so the interior angle formed by the two positrons and the
proton would be close to 180°. Making this type of molecu-
lar identification is problematic for particles as light as a
positron. Further, the angle between the two positrons and
the proton has been estimated to be only slightly larger than
90°.
Denoting the two positrons as particles 1 and 2, one has
r
e+,e+
2  = r12
2  = r1
2 + r2
2 − 2r1 · r2 . 4
Making the identification
cos	12 	
r1 · r2
r1r2
=
2r1
2 − r12
2 
2r1r2
. 5
Substituting values from Table II gives cos	12=−0.0384.
This is equivalent to an angle of 	12=92.2°. This does not
mean that the two positrons and proton are arranged in a
right-angle triangle; rather, it means the two positrons are not
strongly correlated for two uncorrelated positrons one
would find 	12=90°.
The most notable aspect of the structure of the e+PsH
system is the very strong similarity between its electron dis-
tribution and that of its PsH parent. This strongly suggests
that the e+PsH ground state can be regarded as consisting of
a positron loosely bound to PsH. First of all, one can exam-
ine some of the electron-only expectation values of PsH and
e+PsH. For example, rH+,e−=2.282a0 for e+PsH and
rH+,e−=2.312a0 for PsH 11. Similarly, the coalescence
matrix element at the nucleus H+-e−=0.1760 for e+PsH
and that for PsH, namely, H+-e−=0.1773, are quite
close. Finally, re−,e−=3.507a0 for e+PsH and re−,e−
=3.575a0 for PsH.
A further demonstration of the similarity between the PsH
and e+PsH electron distributions is provided by Fig. 1, which
plots the electron probability density as a function of r, the
distance of the electrons from the nucleus. The electron prob-
ability densities are practically identical for all regions of
configuration space, and it is very difficult to tell the PsH and
e+PsH densities apart on the graph.
The positron probability distributions shown in Fig. 2 are
also consistent with this model of the structure. The probabil-
ity density for e+PsH is generally larger than that of PsH.
However, the most notable differences occur at the larger
radial distances.
While the above evidence is suggestive, it is not abso-
lutely conclusive. More compelling evidence was provided
TABLE I. Behavior of some e+PsH expectation values for a sequence of ECG-type variational calculations of increasing size. All
quantities are given in atomic units with the exception of the 2 annihilation rates which are in units of 109 s−1. The magnitude of the
binding energy against dissociation into the e++PsH channel is 
 the PsH energy is taken as −0.789 196 765 3.
N V / T+2 rH+e+ rH+e−
2  re+e− e−-e− H+-e+ 2 E 

1000 1.8510−5 4.944179 7.481489 4.966607 4.5272410−3 8.9688210−4 2.74481 −0.8102497 0.0210530
1100 1.2810−5 4.944608 7.482497 4.967014 4.5072410−3 8.9464010−4 2.74493 −0.8102509 0.0210542
1200 8.8810−6 4.944830 7.482870 4.967225 4.5040110−3 8.8885710−4 2.74983 −0.8102520 0.0210552
1300 7.5810−6 4.944986 7.482997 4.967392 4.5050110−3 8.8902610−4 2.75021 −0.8102529 0.0210561
1400 6.4010−6 4.945073 7.483160 4.967479 4.5051710−3 8.8816810−4 2.75050 −0.8102534 0.0210566
1500 4.9910−6 4.945078 7.483228 4.967496 4.5051910−3 8.8848910−4 2.75085 −0.8102541 0.0210574
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by computing the overlap of the e+PsH ground state with a
product wave function formed by multiplying a positron or-
bital to the PsH ground state, i.e.,
B = e+PsHPsHe+2. 6
An overlap of B=0.9654 was obtained with
e+ = 0.24 exp− 0.007 125r2 + 1.0 exp− 0.014 25r2
+ 0.56 exp− 0.028 50r2 . 7
This positron orbital was determined by a trial and error
procedure. It is likely that the overlap could have been made
larger if a more systematic approach was used to define a
positron orbital to give the maximum overlap. The large
value of B confirms the validity of the structure model.
The overall structure of e+PsH can be regarded as being
composed of three constituents, Ps1s, H1s, and the posi-
tron. The PsH core can be regarded as a Ps1s cluster bound
to the H1s ground state 9,16. The alternative picture of
PsH as consisting of a positron bound to H− 16,17 is prob-
lematic. We have computed the overlap integral between H−
and PsH i.e., the equivalent of Eq. 6 and one obtains only
0.68. Further, the electron-only expectation values of H− are
considerably distorted by the addition of the positron, e.g.,
one finds rH+,e−
2 =11.92a0
2 for H− and rH+,e−
2 =7.82a0
2 for
PsH. When the overlap integral to determine the Ps1s
+H1s decomposition is done, we find a value of about
0.963.
An alternative way to look at the structure of e+PsH
would be as a positronium positive ion, i.e., e− ,e+ ,e+,
bound to hydrogen. The hydrogen atom can bind a point
positive particle as long as the mass is larger than 2.20me
18, and the mass of the positronium positive ion is 3.0me.
However, this model is incompatible with the large-r form of
TABLE II. Properties of the e+PsH ground state. Data are given
for H assuming infinite mass, and for H1. All quantities are given in
atomic units with the exception of the annihilation rates, which are
in units of 109 s−1. The magnitude of the binding energy against
dissociation into the PsH+e+ fragmentation channel is given by 
,
while T+ and T− represent the positron and electron kinetic energy
operators T is the total kinetic energy.
Property e+PsH e+PsH1
N 1500 1500
V / T+2 4.99010−6 −5.78410−6
E −0.8102541 −0.8099148

 0.0210574 0.0210441
T
−
 0.3278963
T+ 0.0772327
T 0.8102582 0.8099102
rH+e− 2.28153 2.28315
rH+e+ 4.94508 4.94663
re−e− 3.50726 3.50932
re+e− 4.96750 4.96822
re+e+ 7.38499 7.38582
1/rH+e− 0.7303320 0.7298484
1/rH+e+ 0.2750298 0.2749291
1/re−e− 0.3751868 0.3749603
1/re+e− 0.3141453 0.3141071
1/re+e+ 0.1714866 0.1714818
rH+e−
2  7.48323 7.49411
rH+e+
2  31.9255 31.9415
r
e−e−
2  15.1521 15.1698
r
e+e−
2  33.8265 33.8342
r
e+e+
2  65.7297 65.7491
1/rH+e−
2  1.20336 1.20161
1/rH+e+
2  0.113834 0.113750
1/r
e−e−
2  0.218209 0.217936
1/r
e+e−
2  0.214078 0.214042
1/r
e+e+
2  0.0420453 0.0420464
H+-e− 0.175997 0.174020
H+-e+ 8.8848910−4 8.8777210−4
e−-e− 4.5051910−3 4.49538710−3
e+-e− 1.3626210−2 1.3581210−2
e+-e+ 2.1212710−4 2.1218510−4
2 2.75085 2.74176
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FIG. 1. Electron probability densities r for e+PsH and PsH as
a function of r. The density is normalized to 2.
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FIG. 2. Positron probability densities r for e+PsH and PsH as
a function of r. The e+PsH density is normalized to 2 while the PsH
density is normalized to 1.0.
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the e+PsH wave function. The lowest-energy dissociation
channel is into PsH+e+. The dissociation threshold for H
+Ps+ is 0.766 hartrees which is 0.027 hartrees above the
PsH+e+ channel, so the asymptotic form of the wave func-
tion at large r suggests a PsHe+ structure. While it is
possible that the positrons and an electron coalesce into
something resembling a e− ,e+ ,e+ cluster close to the
nucleus, this cluster is destroyed at large distances from the
nucleus. This is seen in some of the positron expectation
values. One finds re+,e+=7.386a0 for e+PsH while re+,e+
=8.55a0 for the positronium positive ion 19.
To summarize, a close-to-converged wave function is
computed for the e+PsH ground state, and a comprehensive
set of expectation values are tabulated. The available evi-
dence suggests that the energy is converged to about
10−5 hartrees. The nature of the variational theorem means
that other expectation values are not converged to the same
degree of accuracy, although the available convergence pat-
tern suggests that the annihilation rates should be converged
to ±1% or better.
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